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Differential Equations
Class Notes 0O
Nonhomogeneous Equations: The Method of Undetermined Coefficients (Section 4.4)
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26565‘11—1 this section ”this nonhomogeneity will be a smgle term of a certain type It may seem
" crazy but we will guess at solutions to these equations. With some old-fashioned intuition, we
¢am come up with a partlcular solution out of the infinite solutions that are out there.

Rationale and Method for Nonhomogeneous Equations:

Thmk about the equation y"+3 y +2y=3t, We must find a function y(#) such that
R, " SN _,’———-e-
y'+3y'+2 2y is a linear function of t (m this case, 3¢). What kind of function would fit? Perhaps

a Imear one'?

Try y(t) = At (where A is areal number). We would calculate y’—A Jand y" O Put that all

“into the original equatlon and see if that works Do O you see a contradlction?

2 mf‘??aé‘«wﬁa =5t .

D+3A+2At = 3t R
W mﬁ»::? e WM -

So it does not work to simply use y(f) = Az. Let’s get a little more comphcated in our guess

i : *
Th1s is called the method of undetermined coefﬁc1énts because we assume the solut1on to be of a——ir"

certain type but with unknown (or, yet to be determined) coefficients.
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Method for a Certain-Type of Nonh mogeneous Linear Equation: £7
For the equaflon ay +by +oy T Ct Ayhere m=0,1,2, ..., we guess a partlcular solution in

equations in m + 1 unknowns. O

Note: We must retain all of the powers of ¢m, ¢!, ... ¢° inthe proposed solution even though
they may not appear in the nonhomogenelty .

/m @
expl 1: Find a particular solution to the diff. eq..
> O
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Different Types of Equations:
That 1s all well and good but that Lo‘n/leegy_ersﬂone type of equation we will encounter. What
about y"+3y'+2y = f(¢) where f()=10e> or f(f)=2 sin 52 '

In the case of the above simple exponential nonhomogeneity, we will find that the function
y(f) = Ae* will suffice. (Try it out!) When f'(f) gets more complicated, we will need to get more

e

creative.

o g e

In the case of f'(#) =2 sin 5¢, we need to remember that the derivative of sine is cosine. That
1mp11es the solution Would 1nelude both sines and cosmes perhapsin the form

/y(f) A sin 5t + B cos 5¢.

e, e

Roots of Auxiliary Equations and Solutions to Nonhomogeneous Equations:

The examples so far have Worked out. (Phew!) But there are equations that will yield nonsensical
“solutions and the problems are rooted (ah, a pun') in the related auxrhary equations. Let’s
explore :

( et_p_/Zionmder the diff. eq. ’ '+3y +2y= IOe ];d its associated auxiliary equation

-2t

r’ +3r+2=0. First, find the roots of_t—}&glxrhary y equation. Then show that the proposed
(solutlon (@) =Ae"

cannot be used to find a solution to jghe&d_lfrf:r‘eq. V'+3y' +2y= 10e72
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The problem that we are encountering here is dealt with a somewhat cumbersome theorem.
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Method of Undetermined Coefficients for Certain Single-Term Nonhomogeneities: /,»f

)
To find a particular solution to the diff. eq. ay" + by’ +cy = Ct @where m 1S a non-

P

negative integer, use the form Y Q=24 " +...+ Af + 4, e We use the followin
p g

values for s.

i.) Use s=0 if 7 is not a root of the associated auxiliary equation.
\/ ii.) Use s =1 if r is a simple root of the associated auxiliary equation.
<N/ iii.) Use s =2 if r is a double root of the associated auxiliary equation.

R

CrEcos pt

ay" +by' +cy = OR
Ci"e” sin fit

S

To find a particular solution to the diff. eq. where B is

non-zero, use the form

g

Y, =t -(Amtm +...4+ At + Ao)e‘” cos G+t (B-mz‘m +...+B1t+30)e“t sin fit .

We use the following values for s.

iv.)) Use s =0 if a + if is not a root of the associated auxiliary equation.
v.) Use s=1 if a+ if is asimple root of the associated auxiliary equation.
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@ 3 })ecide if the method showq here can be used to splve the following equations. Explain.
a.) y” +2y'—y = t_let D —

No, M=t oud o
odowmed .
@2y "@-6@ =" = e X St X

%U) A=~ [’5 = |
@/"+2y’—y=4xsin2x+4xcos2x
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d/t(wat} - —»Sméfc)<‘”‘<; 3t = (e s pt
Sw‘t«) C,@&é‘t) = 3 'l: e’ gw (36) M=0

‘ expl 4: Find a particular solutlon‘to the diff. eq. below.
m y"'—y'+9y =3sin(3¢) -

—
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expl 5: Find a particular solution to the diff. eq. below

x"—4x'+4x = te* ‘0@

Ko = (ArtP+ Aot pot? 267+ (3t~ Zhot)e
P ey
0 (b At e (gt + ZAst)(2e%)
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Solving Higher-Order L

We can extend our method for equations such as 2y

inear Nonhomogeneous Equations

—8y =sint. We sunply have to determine the aux1hary equation (using r3 for y”',

III+3yll+y!_4y:e—

" or

¥ =3y"
etc.) and determine if 7 (from the term e™) or a + iff (from e *“sin(ft)) is a root.

expl 6: Find a particular solution to the higher-order diff. eq. below
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